Abstract. A comparison of gate fidelities between different spin qubit types defined in quantum dots and donor under different control errors is reported. We studied five qubit types, namely the quantum dot spin qubit, the double quantum dot singlettriplet qubit, the double quantum dot hybrid qubit, the donor qubit and the quantum dot spin-donor qubit. For each one, we derived analytical time sequences that realize single qubit rotations along the principal axis of Bloch sphere. We estimated the effects on the gate fidelity of errors disturbing the control parameters by using a Gaussian noise model. Then we compared all the gate fidelities for each implementations due to the time interval error by using a realistic set of values for the error parameters of amplitude controls.
Introduction
In the framework of solid state physics a rich exploitable platform for universal quantum computation, as witnessed by several experimental [1, 2, 3, 4, 5, 6] and theoretical [7, 8, 9] proposals, is represented by the confinement of electron spins in host semiconducting materials. The confinement is achievable following different routes, from electrostatically or self-assembled quantum dots (QDs) [10, 2, 11 ] to donor nuclear spins in solid matrices [12, 13, 14] or combination of them [15, 16, 17] .
QDs are also known as artificial atoms due to the fact that the confinement of electrons or holes in a semiconductor nanostructure gives birth to the creation of a new potential profile with discrete energy levels. Such discretization is created adopting external electrostatical potentials applied to metallic gates (electrostatically QD) or in alternative by means of an appropriate growth process of the nanostructure that creates the confinement potentials (self-assembled QD). The main differences between the two implementations lie in the different potential profile, in the working temperature that is lower for the electrostatically QD (lower than 1K) with respect the self-assembled (around 4K) and in the experimental control of the QD that is prevalently electrical for the first and optical for the second. Next to these spin architectures, the proposal by Kane [18] suggests a qubit implementation based on the nuclear spin of donors in semiconducting host materials, such as phosphorus in silicon. The phosphorus is a shallow donor that creates in silicon an additional energy level under the conduction band in such a way that the electronic properties of the semiconductor are unaltered but the electronic concentration increases.
The reasons that make semiconductor nanostructures based qubits an attractive scenario for technological applications are due to their relatively long coherence times, the easy manipulation, fast gate operations and potential for scaling [19, 20, 21, 22] . The semiconducting materials adopted range from III-V compounds such as GaAs to IV group materials such as Si and Ge. While the first are affected by the unavoidable hyperfine interaction due to the nuclear spin, the group IV materials present nuclear free isotopes that allow to overcome this source of decoherence. In addition the interest towards silicon qubit is immediately linked to the integrability with the already existing CMOS (complementary metal oxide semiconductor) infrastructure of the microelectronic industry. From the point of view of the qubit type several proposal are presented in the literature based on single [19] , double [21, 23, 24] and triple [20] QDs and analogously for the donor scenario [18, 3, 25] .
The five qubit types on which we are focus on are: the quantum dot spin qubit (SQ), the double quantum dot singlet-triplet qubit (STQ), the double quantum dot hybrid qubit (HQ), the donor qubit (DQ) and the quantum dot spin-donor qubit (SDQ). Those five qubits are investigated due to the possibility, not already fully explored by experiments, to be held in a common nanoscaled device shown in Fig. 1 , where a semiconductor nanowire (in red) is electrically insulated from two metal gates (in purple) by a dielectric. Depending on the type of qubit, QDs can be electrostatically induced in semiconductor regions close to the upper corners by the metal gates and, eventually, the donor can be positioned in the semiconductor volume below the gates.
For every qubit type the effective Hamiltonian model, the analytical sequence times that realize the single qubit operations on the Bloch sphere and the fidelity gate analysis are derived and examined putting them in comparison.
We adopt the entanglement fidelity to test the resilience of the quantum gates with respect to different disturbance sources. The ideal realization of quantum gates is deeply influenced by the unavoidable environmental noise due to different sources of disturbance that cause decoherence. In order to have an homogeneous analysis for all the five qubit types, we consider two different sources of noise linked to the z and x contribution appearing in the effective Hamiltonian models. Every time that the qubit type is specified such abstract controls become physical entities giving a real mean to the type of disturbance and a measure of it.
The paper is organized as follows. Section 2 is devoted to the presentation of the effective Hamiltonian models for the five qubit types and to the derivation of the analytical time sequences that realize single qubit rotations on the Bloch sphere. Sect. 3 defines the global framework for all the implementations under investigation. Sect. Figure 1 . Sketch of the device where the five qubit types can be held. The semiconductor nanowire is highlighted in red whereas the metal gates, shown in purple, are insulated from the nanowire by a dielectric. Some exemplificative spatial distributions of electrons confined in electrostatically defined QDs (ellipsoid) and in donors (sphere) are shown in white.
4 contains the main results about the single qubit gate fidelities while Sec. 5 gives a comparison among all the five qubit types. Finally in Sect. 6, concluding remarks are summarized.
Spin qubit types: Hamiltonian models and single qubit operations
This Section is devoted to the presentation of the effective Hamiltonian models and to the derivation of the analytical time gate sequences that realize single qubit operations for the five spin qubit types under investigation.
The fundamental single qubit operations that are derived are the rotations on the Bloch sphere about the z axis R z (θ) and about the x axis R x (φ) whose matrix representations are
and
The condition to be satisfied in order to obtain the single qubit gate desired is that for each type the unitary evolution operator
coincides with the rotation matrices R z (θ) and R x (φ) when the Hamiltonian models are specified case by case. The results will be analytical time sequences that we are going to present for each type in the next subsections.
Quantum dot spin qubit
The SQ is realized confining the spin of a single electron in a QD. The logical qubit basis is simply defined by the two spin eigenstates |0 ≡ | ↑ and |1 ≡ | ↓ , that correspond to the angular momentum states with S = ,
respectively. The Hamiltonian model is given by
where σ z(x) is the Pauli operator, ω z = g e µ B B 0 is the Zeeman energy associated to the constant magnetic field in the z direction with g e the electron g-factor and µ B the Bohr magneton and Ω x = g e µ B B 1 /2 where B 1 is the oscillating magnetic field and ω is its angular frequency. Universal qubit control of the spin qubit is achieved adopting magnetic fields pulses. The two spin eigenstates |0 ≡ | ↑ and |1 ≡ | ↓ are separated by an energy ∆E. They can be coherently manipulated using resonant microwave pulses of frequency ω. From a practical point of view the approaches implemented are based on: electron spin resonance (ESR) techniques using local AC magnetic fields [10] , application of global magnetic fields for local manipulation or through all-electrical manipulation via AC electric fields in a magnetic field gradient [2] . The first step in the control and manipulation of the QD spin qubit is represented by the initialization, which requires a measurement on the single spin. Spin states in QDs are deeply studied by measuring the average signal from a large ensemble of electron spins. In contrast single-shot measurement, where it is tested if the spin orientation is parallel or anti-parallel to the external magnetic field, is more appealing [26] . At the end, spin-to-charge conversion technique is exploited making a charge measurement. Finally the read-out, in which the state of the qubit is determined after implementing the algorithm, can rely on spin-to-charge conversion, where the tunneling of a single electron can be measured through an integrated charge sensor or can exploit RF reflectometric techniques, using gate electrodes coupled to off-chip lumped-element resonators [27] . Although the manipulation requires sophisticated techniques involving magnetic fields or gradient of them, such spin qubit has a great advantage represented by long coherence times of the order of milliseconds [11] .
Adopting as input controls the angular frequency ω of the AC local magnetic field and the angular frequency Ω x that depends on the amplitude of that field, we obtain in the rotating frame
The rotation matrix R x (φ) is obtained equating Eq. (3) with Eq.(2). The resulting analytical expressions for the time realizing the single qubit rotation along x axis via ESR (with ω=ω z ) is given by
During this rotation, a phase φ*=t x1 ω z is accumulated with respect the static frame. A rotation along the z-axis is required to cancel out φ* leading to an additional time step
The rotation matrix R z (θ) is obtained switching off the microwave for a time
Double quantum dot singlet-triplet qubit
The STQ is created from two electrons, ideally spatially separated, in two QDs. The logical states are defined by a superposition of two-particle spin singlet and triplet states, that are |0 ≡ |S and |1 ≡ |T 0 , where each QD is occupied with one electron. It is an external magnetic field that removes the |T − and |T + branches. |S , |T 0 and |T ± are respectively the singlet and triplet states of a pair of electrons given by
Spin rotations are performed acting on the exchange coupling J between the two electrons controlling via electrical potential the energy detuning between the two QDs.
In addition a local magnetic field gradient is necessary to achieve arbitrary qubit rotations. The Hamiltonian model
contains the exchange interaction between the two electrons, described by the Pauli matrices σ 1 and σ 2 , through the coupling constant J, beyond the Zeeman term. It corresponds to a magnetic field gradient between the QDs adopted for the single qubit control, that is
. The exchange coupling J is derived from a generalized Hubbard model adopting a standard procedure based on the Schrieffer-Wolff transformation [28] and it is equal to
The parameters involved are: the single-electron tunneling t across the double QD, the single-electron tunneling in the presence of a second electron J t , the intradot (interdot) Coulomb repulsion U (U'), the interdot bias ∆ε, that is the single electron groundorbital energy difference between the two dots and the direct exchange interaction J e of the two electrons across the double QD. Initialization and readout of STQ have been successfully achieved using the Pauli spin blockade [29] . In the context of free induction decay experiment [30] , the qubit is first initialized by tilting the double well potential into the (0,2) charge configuration and then waiting until the qubit relaxes into the singlet state. This qubit type allow fast readout and fast manipulation, however experimentally the big challenge is represented by the creation of the local magnetic gradient [31, 32, 33, 4, 27] . A valid strategy to overcome such task is represented by the use of a micromagnet in close proximity [32, 33, 31] .
In the qubit basis {|S , |T 0 } the Hamiltonian can be recast in a compact form
Two regimes are identified: J ≫ ∆E z which leads directly to the gate operation R z (θ) and J ≪ ∆E z which leads to R x (φ). Let's consider the general case, the resulting matrix is the product of the evolution operators
2 ) which must match R z (θ). After carrying out the calculations it is found that
where
By imposing
and that the time must be non-negative and as short as possible, we obtain
with n = 1 and 0 ≤ θ < 2π. Analogously for the R x (φ) gate we have to impose
that is α = β = 1 and γ = φ/2. It follows that
that is minimum when n = 0.
Double quantum dot hybrid qubit
The HQ owes its name to the fact that is an hybrid of spin and charge [34] . It is composed by two QDs in which three electrons have been confined with all-electrical control via gate electrodes. The logical states coded using the S = |T + | ↓ where |S , |T 0 and |T ± are defined in Eq. (9) . The effective Hamiltonian model involving only exchange interaction terms among couple of electrons for a single and two qubits was derived in Ref. [35] and in Ref. [36] , respectively. HQ has deeply investigated and constantly developed as witnessed by several recent papers [37, 38, 39, 40, 41] . For the single HQ the effective Hamiltonian is equal to
where the effective coupling constants are given in Ref. [35] .
In the initialization process, all the variables are regulated through appropriate external electric and magnetic fields driving the qubit in the state corresponding to the |0 logical state. After the initialization, it is possible to lead the desired logical gates through operations that are generally described by unitary matrices. In order to inject electrons in the QDs a reservoir as source of electrons near the double QD is required. The height of the energy barrier between the reservoir itself and the double QD is controlled through an electrostatic gate. A charge sensor enables the readout of the spin state of electrons confined in the doubly occupied QD. A single-electron transistor (SET) can be used to electrostatically sense the spin state of the electrons. More in detail, when readout of the qubit starts, tunneling is allowed from the doubly occupied QD to some reservoir by a reduction in the interposed electrostatic barrier. When the electron pair is in a singlet state the corresponding wavefunction is more confined and the tunneling rate to the reservoir is lower than that of the triplet state, which has a broader wavefunction. When the electron tunnels, the electrostatic potential landscape changes and so does the current passing through the electrostatically coupled SET. The measurement of the time interval between the read out signal and the current variation in the SET is supposed to reveal the spin state of the electron pair.
The key advantage of this qubit type is that the manipulation of the qubit is all electrical and very fast. The coherence times of tens of nanoseconds [42, 43, 44] , shorter than that of the qubit types previously introduced, have been recently enhanced 10 fold to the 177 ns level [45] .
Explicit calculations of the matrix elements of the Hamiltonian (19) in the logical basis give
J i σ i · σ 3 with i = 1, 2 and
We assumed for the control parameters max(J 1 ) = max(J 2 ) = J max and we set a realistic constant value for J ′ = J max /2 to model the ineffective control. The results of the calculations lead after algebraic manipulations to the following analytical expressions for the times:
The R x (φ) sequence is instead composed by the product of two steps
where the times are given by:
with
Donor qubit
In close analogy to the SQ, an alternative kind of qubit to store and manipulate the quantum information is represented by the DQ. It is implemented on the spin of an electron bound to a donor and the qubit basis is given by the single electron spin |0 ≡ | ↑ and |1 ≡ | ↓ logical states. The spin Hamiltonian describing the DQ common for group V donors in silicon is given by [18, 3, 46, 47] 
the first two terms is the sum of the electronic S and nuclear I spin Zeeman interactions with an external field B 0 . The electron and nuclear gyromagnetic ratio γ e and γ n are equal respectively to µ B g e and µ n g n , where µ B (µ n ) is the Bohr (nuclear) magneton and g e (g n ) the electron (nuclear) g-factor. The term proportional to Ω x represents the microwave control. The last term corresponds to the hyperfine coupling. The contact hyperfine interaction energy is given by A = 8 3 πµ B g n µ n |ψ(0)| 2 where |ψ(0)| 2 is the probability density of the electron wavefunction evaluated at the nucleus [18] . The electron and nuclear gyromagnetic ratios as well as the hyperfine constant A are measurable by estimating the magnetic field dependencies of the spin transition frequencies. An emblematic example is constituted by a device in which implanted phosphorous donors are coupled to metal-oxide-semiconductor single-electron transistor. Electron spin resonance is used to drive Rabi oscillations in combination with Hahn echo pulse sequence. Because of the weak spin-orbit coupling, coherence times observed are longer in comparison with the previous architectures and can reach values ranging from 3 to 6 seconds [48, 49] . On the other hand the control and manipulation of the single spin [3, 25] , as in the QD spin qubit, takes place using local AC or global magnetic fields. This aspect deserves special attention from a practical point of view, in order to realize large scale arrays.
Let's consider the case in correspondence to I = 1/2 which applies for example in the case of 31 P . In the high field limit, i.e. γ e B 0 ≫ A, the diagonal terms of the hyperfine interaction become negligible and the ESR allowed transition are confined in two distinct subspaces, one in which the nuclear spin has down projection | ⇓ and the complementary in which the nuclear spin has up projection | ⇑ . The Hamiltonian models that effectively describe the DQ in the two subspaces are expressed by
(γ e ±γ n )B 0 and a = A 4 . The structure of the effective Hamiltonian models (26) and (27) is completely analogous to the one of the SQ in the rotating frame (Eq. (5)) and allow us to derive single qubit gates following an analytical procedure. The condition to be satisfied is that the unitary evolution operators coincide with the rotation matrices (1) and (2) and the resulting analytical expressions, in the subspace in correspondence to nuclear spin with down projection and adopting as input control f 12 and Ω x , are given for R z (θ) by a three steps sequence with times
R x (φ) is obtained by a one step sequence with
Analogously single qubit gates are obtainable in the subspace corresponding to the nuclear spin with up projection described by the effective Hamiltonian model (27).
Quantum dot spin-donor qubit
The SDQ type is the analogous of the STQ qubit in which the exchange interaction between a SQ and a DQ is exploited [15, 16] , besides the hyperfine interaction between the electronic and nuclear spin of the donor. Thanks to this analogy, the effective Hamiltonian model is easily written in terms of all the angular momentum operators involved
where S donor (S dot ) denotes the electron spin operator of the donor (QD) and I is the donor nuclear spin, γ e (γ n ) is the electron (nuclear) gyromagnetic ratio, B 0 is the applied dc magnetic field and A is the hyperfine coupling between the electron spin and the nuclear spin of the donor. The constant J is the exchange coupling between the electron spins of the donor and of the dot. Besides serious aspects that have to be taken into account relating to the fabrication, such qubit type assures fast readout and fast manipulation via GHz one-axis electrical control [50] . The most obvious obstacle in the construction of the quantum computer that exploit such type is represented by the incorporation of the donor array into the Si layer beneath the barrier layer.
This qubit type offers more than one choice in order to define the qubit and consequently the logical states necessary to perform quantum operation, the choice mainly depends on the transition energies. Single qubit operations can be performed on the donor electron spin and on the dot electron spin with a pulsed microwave field, which can be delivered locally or globally by placing devices into microwave cavities. We choose the logical basis as in Ref. [15] defined by the singlet-triplet states between the electronic spin in the QD and the electronic spin in the donor.
The structure of the effective Hamiltonian model (30) in the logical basis is completely analogous to the one of the STQ, when for example the nuclear spin has down projection H = 
Recognizing the input controls in the exchange coupling J and in the hyperfine coupling A, the rotation R z (θ) is obtainable by a two steps sequence U J (t J ) · U A (t A ) where the analytical time gate sequences are given by 
that are minimized when n = 1. Analogously for R x (φ) the two steps sequence is given by
Quantum dot and donor spin qubit types in a global framework
The five qubit types presented in the previous section have in common a compact effective Hamiltonian when expressed each in its proper logical basis {|0 , |1 } given in Tab. 1.
The effective Hamiltonian models in terms of 2 × 2 Pauli matrices σ z and σ x and the identity operator I 2 are expressed by
where α z , α x and α 0 are given in Tab. 2. The control parameters to implement R z (θ) and R x (φ) gates for each qubit type are reported in Tab. 3. We assume that all the qubit types are at the same electronic temperature T = 100 mK and that the Zeeman energy splitting is three times the thermal energy, thus imposing an external magnetic field B 0 =223 mT. Rotations of π/2 along x and z axis of the Bloch sphere are chosen as reference gates for each qubit type. Table 4 reports the sequences with control pulse amplitudes and times to implement the above-mentioned Table 3 . External controls that realize the single qubit operations on the Bloch sphere. gates for the five qubit types. The amplitudes of control signals are taken from the literature to set realistic parameter values of each qubit model. In this study we are making the assumption that in each gate sequence only one signal is switched on and off with ideal edges between 0 and a maximum value, fulfilling the requirement to have pulses lasting longer than a minimum time interval of 100 ps.
Qubit type Controls for
R z (θ) Controls for R x (φ) SQ ω z Ω x , ω z STQ J, ∆E z ∆E z HQ J max J max DQ A Ω x SDQ J, A A
Single qubit gate infidelity
Non idealities must be included in the model to perform a good performance analysis in real systems. We account for error sources such as time interval error (TIE) and non ideal control of the amplitude in pulse sequences for each qubit type. The control errors are modeled as random variables with Gaussian distributions featuring zero mean and standard deviation σ that add up to the ideal values of the corresponding control variables presented in the whole Sec. 2. The figure of merit used to estimate the disturbance effects is the entanglement fidelity F [52, 53] .
where U i is the ideal time evolution and ρ RS = |ψ ψ| with |ψ = 1 √ 2 (|00 + |11 ) represents a maximally entangled state in a double state space generated by two identical Hilbert spaces R and S.
Quantum dot spin qubit
The control variables of the SQ are the angular frequency ω z and the angular frequency Ω x that depends on the amplitude of the microwave used to obtain the ESR. The standard deviation ranges of the Gaussian distribution for the three random variables are set to: σ ωz/2π ∈ [10, has an infidelity that strongly increases with respect to σ t for R x (π/2) gate. This can be understood by looking at the step times of both the gates reported in Tab. 4 where short off-resonance pulses are required. For R x (π/2) gate when σ t =0 (right), the gate infidelity is very low and it shows an higher sensitivity to σ Ωx/2π with respect σ ωz/2π . For R z (π/2) gate only a plot of 1-F as a function of σ t is shown due to the fact that the microwave is switched off (Ω x =0) during this gate sequence. Infidelity is strongly affected by TIE.
Double quantum dot singlet-triplet qubit
For the STQ the control variables are the exchange interaction J and the additional Zeeman energy ∆E z . The ranges of standard deviations are set to: σ ∆Ez ∈ [10 −11 , 10 low infidelities for both gates in all the range of error considered. Both gate infidelities show a strong increment due to high σ t . R z (π/2) gate has an infidelity that depend mainly on σ J .
Double quantum dot hybrid qubit
The HQ is controlled by a sequence of pulses of J so the maximum exchange interaction J max is the control variable. The ranges of standard deviations set to calculate the infidelities for R x (π/2) and R z (π/2) are: σ J ∈ [10 −10 , 10 −6 ] eV and σ t ∈ [10 −12 , 10 −5 ] s. In Fig. 4 HQ shows a strong dependence of infidelity on σ t for both gates whereas no evident effect can be highlighted in the range of σ J considered.
Donor qubit
For the DQ the control variables are the angular frequency Ω x that depends on the amplitude of the microwave and the frequency detuning ∆ω = f 12 − ω, that is the a) Figure 5 . a) 2D Plot showing R x (π/2) gate infidelity due to σ Ωx/2π and σ t with σ ∆ω/2π (left), σ ∆ω/2π and σ t with σ Ωx/2π =0 (center), σ Ωx/2π and σ ∆ω/2π with σ t =0 (right). b) Same as a) but for R z (π/2).
R z (π/2) gate as reported in Fig. 5 . This is directly connected to the step times reported in Tab. 4 for both single qubit gates where long pulses are needed. R x (π/2) shows a lower infidelity due to σ J than R z (π/2) gate.
Comparison of gate fidelities among qubit types
In this section, a comparison on gate fidelities between all the qubit types due to the TIE is presented. To this purpose, control error standard deviations on the amplitudes of the control parameters are set to the values reported in Tab. 5. Fig. 7 shows a gate infidelities comparison for R x (π/2) and R z (π/2). For both gates, all the qubit types generally show a decreasing infidelities when σ t is reduced. The roll off of each curve is roughly observed for σ t close to the shortest step time t min of the gate sequence for the corresponding qubit type. STQ, DQ and SDQ present a saturated behavior when σ t is reduced meaning that the TIE is no more the fidelity limiter in that range. On the contrary, the infidelities of SQ and HQ do not saturate for small σ t . If a maximum infidelity threshold of 2% is set to compare the qubits, by increasing σ t the order in which the qubit implementation does not satisfy that limit is: SQ, HQ, STQ, SDQ and then DQ for R x (π/2). The order is slightly different for the R z (π/2) gate, with STQ taking the place of HQ. This means that SQ is the most sensitive one to TIE whereas DQ is the most robust to such kind of error for both operations. But such robustness of the DQ is achieved by imposing slower gates than those of other qubits (see the columns of step and total time in Tab. 4). In other words, given a qubit type, there is a trade-off between the speed of the gate operation and the robustness of the gate fidelity to TIE.
The study presented depends on the physical parameters used in the calculations as reported in Tables 4 and 5 , that are at the state of the art from experiments. The analysis is obviously susceptible of variation if control and error amplitudes are varied.
Conclusions
In this paper we reported a comparative study of five spin qubit types realized through the spin of electrons in electrostatically defined quantum dots, and through the spin of electrons or nuclei of impurity atoms in the semiconducting host (donors). The implementations studied are: the quantum dot spin qubit, the double quantum dot singlet-triplet qubit, the double quantum dot hybrid qubit, the donor qubit and the quantum dot spin-donor qubit. For each qubit type, we derived analytical time sequences that realize single qubit rotations along the principal axis of Bloch sphere. Then by using a Gaussian noise model the effects on the gate fidelity of the errors disturbing the control parameters are estimated. A comparison of the gate fidelities of all the qubit implementations due to the time interval error are presented using a realistic set of values for the error parameters of amplitude controls taken from the literature. By using those parameter values at the state of the art we can conclude that the spin qubit infidelity is very sensitive to TIE because spin qubit rotations are achieved with very fast sequences. Conversely, the infidelity of the donor qubit due to TIE is not dominant till very large time errors, at a cost of very slow gate operations. This study offers a general platform to investigate gate fidelities in different spin qubit implementations and gives an important instrument for future works together with the development of experimental realizations.
